In 2012, Gutman and Wagner proposed the concept of the matching energy of a graph and pointed out that its chemical applications can go back to the 1970s. The matching energy of a graph is defined as the sum of the absolute values of the zeros of its matching polynomial. Let u and v be the non-isolated vertices of the graphs G and H with the same order, respectively. which can tackle some quasi-order incomparable problems. As the applications of the technique, then we can determine the unicyclic graphs with perfect matchings of order 2n with the first to the ninth smallest matching energies for all 211 n ≥ .
H k ) to denote the graph which is the coalescence of G (respectively, H) and 1 2 , , , k G G G  by identifying the vertices u (respectively, v) and 1 2 , , , k w w w 
. In this paper, we first present a new technique of directly comparing the matching energies of ( )
which can tackle some quasi-order incomparable problems. As the applications of the technique, then we can determine the unicyclic graphs with perfect matchings of order 2n with the first to the ninth smallest matching energies for all 211 n ≥ .
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Introduction
Let G be a simple and undirected graph with n vertices and ( ) Unicyclic graphs with extremal energies [16] - [21] ; Bicyclic graphs with extremal energies [22] [23] [24] [25]; Tricyclic graphs with extremal energies [26] [27] [28] . For more details, they can be found in the recent book [29] and review [30] .
A matching in a graph G is a set of pairwise nonadjacent edges. A matching is called k-matching if its size is k. Let The matching polynomial of a graph G is defined as ( ) ( ) ( ) ( ) Further, Gutman and Wagner [31] pointed out that the matching energy is a quantity of relevance for chemical applications. They arrived at the simple relation:
TRE G is the so-called topological resonance energy of G, in connection with the chemical applications of matching energy, for more details see [32] [33] [34] .
Similar to the integral formula for the energy of graph, Gutman and Wagner [31] have shown a beautiful integral formula for the matching energy of a graph G as follows:
In the followings, the method of the quasi-order relation "  " is an important tool of comparing the matching energies of a pair of graphs. Definition 1.2. Let 1 G and 2 G be two graphs of order n. If
( ) ( )
A be shown in Figure 1 . The following theorem is the main result of this paper. *  1  2  3  4  4  5  6  7  8  9 , , , , , , , , , ME A ME A ME A ME A ME A ME A ME A ME A ME A ME A ME G < < < = < < < < < < . In this paper, we assume that
A New
By Equation (2), we can immediately obtain the following results.
Lemma 2.1. If two graphs G and H are disjoint, then 
Proof. Using Lemmas 2.1 and 2.2, we can show ( ) 
which implies that the result holds. We assume that the result holds for 1 k − in what follows. For simplicity, we write 
Then we can see that the result holds.
2) The proof is similar to 1).
The following lemma illustrates an integral formula for the difference of the matching energies of two graphs with the same order which was obtained by Zhu and Yang [35] .
be the matching polynomials of two graphs G and H with the same order, respectively. Then
. 
Proof. By some calculations, we can obtain that ( )
) ME A ME A < .
ME A ME A < .
Proof. Let 
Minimal Matching Energies of Unicyclic Graphs with Perfect Matchings of Order 2n
In this section, we will determine the unicyclic graphs with perfect matchings of order 2n with the first to the ninth smallest matching energies (i.e., to prove
In what follows, we denote by 
where 
Without loss of generality, we can assume that ( ) 
According to Lemma 3.9, we have Proof. We consider the following cases. Case 1: Ĝ is a connected graph. ME A ME A ME A ME A ME A ME A ME A ME A ME A ME A < < < = < < < < < .
Proof. Using Equation (4) and some calculations, we can get 
